Abstract-The combinatorial effect of an exponential backoff scheme and retransmission cutoff on the stability of frequencyhopping slotted ALOHA systems with finite population is investigated in terms of the catastrophe theory. In the systems, the packet retransmission probabilities are geometrically distributed with respect to the number of experienced unsuccessful transmissions and a packet will be discarded after a certain number of unsuccessful transmissions. Expressions which should be satisfied at equilibrium points are first derived. Then, the cusp point and the bifurcation sets are numerically evaluated. Finally, we visualize how the exponential backoff scheme and retransmission cutoff effect on the bistable region. Numerical results show that the exponential backoff scheme can mitigate bistable behavior of the system with finite population. However, it is also revealed that there is asymptotically no effect of the exponential backoff scheme on the stability of the system with infinite population.
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I. INTRODUCTION

S
INCE BISTABLE behavior of slotted ALOHA systems was first explicitly formulated in [1] , intensive work has been done to devise medium access control protocols which can mitigate instability [2] . Among them an exponential backoff scheme [3] , [4] , [5] , [6] and retransmission cutoff [7] , [8] are of practical interest since they require neither to track feedback information nor to estimate the number of backlogged users. The exponential backoff scheme decreases the packet retransmission probabilities geometrically with respect to the number of unsuccessful transmissions experienced by a packet. In fact, the binary exponential backoff scheme has been already implemented in Ethernet [9] . On the other hand, in existing networks, retransmissions of a packet will be cut off and a packet will be discarded after a certain number of unsuccessful transmissions in order to avoid excessive collisions among retransmitted packets and to satisfy delay constraints associated with a packet. The value of retransmission cutoff should be determined according to quality of service to be guaranteed [10] . For delay-sensitive traffic such as voice, it may be less than ten. In contrast, the value of retransmission cutoff may be much greater for loss-sensitive traffic such as data.
The impact of the exponential backoff scheme has been discussed in [4] . Aldous [4] has proved that the binary exponential backoff scheme can not mitigate bistable behavior of slotted ALOHA systems with infinite population. Meanwhile, it has been proved that slotted ALOHA systems with finite population can be stabilized for any values of parameters, if retransmission cutoff is limited to not more than eight [8] .
Stability of random access protocols in conjunction with frequency-hopped (FH) modulation techniques has been also extensively investigated [7] , [11] - [13] . Kim has shown from the view point of the drift function that FH-slotted ALOHA systems with infinite population can be stabilized by adjusting the coding rate of Reed-Solomon codes employed [11] and the value of retransmission cutoff [7] . Murali and Hughes [12] also have shown that bistability of FH-slotted ALOHA systems can be eliminated by increasing the code length. Liu [13] has investigated dynamic behavior of FH-slotted ALOHA systems with retransmission cutoff and generalized backoff scheme. However, the analysis for finite population in [13] is limited to extremely small value (less than five) of retransmission cutoff due to computational complexity arising from a multidimensional Markov chain. It should be emphasized that analytical methods in [7] , [11] - [13] are based on the drift analysis [1] . Although it enables us to determine whether the system exhibits bistable behavior or not for given parameters, the drift analysis requires greedy and heuristic approaches when we design the values of parameters in order for the system to operate with global stable equilibrium point.
From the viewpoint of designing the system, an application of the catastrophe theory [14] has successfully supplied a view of the explicit bistable region in the space of control parameters for random access protocols such as classical slotted ALOHA [15] , [16] , [17] , carrier-sense multiple-access with collision detection [18] and packet-reservation multiple access [10] (see Appendix A for an outline of the catastrophe theory). Utilizing the catastrophe theory, we can determine the values of control parameters of the system so as not to fall into the bistable region, but to operate with global stable equilibrium point. In this sense, the catastrophe theory can provide a necessary and sufficient condition for the system to be monostable. Recently, the use of catastrophe theory has been extended to slotted ALOHA with the capture effect [19] , [20] and with retransmission cutoff [8] . However, no backoff scheme is explicitly taken into account in the literature on the stability of random access protocols in terms of the catastrophe theory.
The aim of the present paper is to investigate combinatorial effects of the exponential backoff scheme and retransmission cutoff on the stability of FH-slotted ALOHA systems with finite population in terms of the catastrophe theory. Applying the same technique in [8] , we extend the results presented in [7] to a finite population scenario incorporating the exponential backoff scheme and we elaborate the results in [13] in order to enable us to evaluate the stability of the system with large value of retransmission cutoff. Taking into account the flow balance with respect to users' state, we first formulate the balance function whose roots provide the offered traffic in equilibrium. Then, after indicating the existence of the cusp catastrophe, the cusp point and the bifurcation sets are numerically evaluated. Finally, we visualize dependency of the bistable region on the exponential backoff scheme and retransmission cutoff.
II. SYSTEM DESCRIPTION
A. System Model
We consider an FH communication system consisting of single buffer users and a common receiver. The common receiver is assumed to be able to receive signals of all the users at a time. Each user transmits a unit-length packet to the common receiver according to a slotted ALOHA policy. Two strategies to resolve excessive packet collisions are incorporated in the system; an exponential backoff scheme and retransmission cutoff. The exponential backoff scheme decreases the packet retransmission probabilities geometrically by a factor according to the number of unsuccessful transmissions experienced by a packet, where and is referred to as the exponential backoff factor. By virtue of retransmission cutoff, a packet will be discarded after unsuccessful transmissions.
The system model employing the exponential backoff scheme and retransmission cutoff is provided in Fig. 1 [5] , [8] , [23] . A user with empty buffer is said to be in the thinking (TH) mode, whereas a user with packet which has experienced unsuccessful transmissions is in the retransmission (RT ) mode. Due to the single-buffer assumption, every user belongs to either of the TH mode or the RT modes at the beginning of a slot. Each user in the TH mode independently generates a new packet of unit length with probability at the beginning of a slot and a user who has generated a new packet immediately transmits the packet in that slot. In this sense, packet arrivals are subject to the Bernoulli process. A user in the RT mode retransmits its packet in the buffer with probability in each slot . Users who have succeeded in the (re)transmission return to the TH mode. On the contrary, mode transitions of unsuccessful users depend on the previous mode. Unsuccessful users in the TH mode enter the RT mode and those in the RT mode enter the RT mode . A packet dropping occurs when a user in the RT mode fails its retransmission, so that it moves back to the TH mode.
B. FH Channels
The available bandwidth is divided into frequency bins, each of which can convey an -ary signal (symbol). A user randomly changes frequency bins in a symbol-by-symbol manner. If two or more users simultaneously transmit their symbol in the identical frequency bin, then symbol errors occur. This event is referred to as a hit. In order to prevent symbol errors, each packet is encoded with an Reed-Solomon code over a finite field of elements, where and is a power of a prime [21] . Since Reed-Solomon codes are maximum-distance-separable, they can correct errors and erasures simultaneously as long as the inequality holds. Background noise is ignored, so that symbol errors/erasures are caused only by a hit. We also assume that all the users can obtain a positive (successful) or negative (failure) acknowledgment through error-free feedback channels immediately at the end of each slot (zero propagation delay).
C. Packet Error Probability
As shown in [7] , [11] , and [12] , the conditional probability of hit, given that there are interfering packets, can be given by (1) for , where for synchronous hopping for asynchronous hopping
When the perfect side information is available at the common receiver, a Reed-Solomon code can correct up to hits with an erasure-only decoding algorithm [21] . Hence, the packet error probability with interfering packets is (3) where represents the binomial distribution On the other hand, if no side information is available, no more than hits 1 can be corrected with a bounded-distance decoder of a Reed-Solomon code [21] . Then, the packet error probability with interfering packets can be evaluated as (5) III. BALANCE FUNCTION AND CUSP CATASTROPHE In this section, we first derive expressions which should be satisfied in equilibrium.
Let be the number of users in the RT mode at the beginning of slot . Then, the slotted ALOHA system in Fig. 1 can be specified by a discrete-time -dimensional Markov chain with state space of . Since the -dimensional Markov chain is irreducible, aperiodic, and homogeneous, there exists a steady-state [9] . Denoting a steady-state vector by , we can define the number of backlogged users as (6) It is clear that . Let denote the offered load to the FH-slotted ALOHA channel in Fig. 1 . Then, it follows from , , and that (7) With the aid of the Poisson approximation 2 for the number of colliding packets in a slot [8] , [15] - [20] , we can evaluate the average packet error probability by averaging (3) or (5) on the number of interfering packets (8) Then, we can evaluate the average increment of the number of users in a slot for each mode as follows:
• TH mode (9) where the first term represents the average number of successful users per slot, the second is the average number 1 bxc is the maximum integer not greater than x.
2 According to [16] and empirical knowledge, the Poisson approximation is sufficiently accurate in analyzing the stability of slotted ALOHA systems for N > 50.
of discarded packets, and the last is the average number of newly generated and transmitted packets from the TH mode.
• RT mode (10) • RT mode (11) The equilibrium points can be obtained by solving . First, we can get the recursive expression with respect to from (12) for . Next, substituting (12) into (6), the number of backlogged users in equilibrium can be obtained by (13) Finally, substituting (12) and (13) into (9), we can obtain the following equation at the equilibrium points: (14) For given , , , and , we can obtain the offered load at the equilibrium points as roots of (14) . Hereafter, we refer to the function as the balance function. 3 It is clear that . It follows from Appendix-B that . Thus, the equation has at least one positive root in the range for given , , , and . The slotted ALOHA system is monostable if (14) has a unique positive root in the range of . The system is bistable if (14) has three roots [1] . These three roots are categorized into: 1) a preferable stable equilibrium point (minimum root), which provides high throughput and small packet transmission delay; 2) an unstable equilibrium point (intermediate root), where the average sojourn time is indefinitely minimal; 3) an unpreferable stable equilibrium point (maximum root), which offers virtually zero throughput and huge packet transmission delay. According to [15, Appendixes C and D] , bistable behavior of slotted ALOHA systems can be described in terms of the catastrophe theory.
Theorem 1: There may exist the cusp catastrophe in slotted ALOHA systems with the exponential backoff factor and at most retransmission trials, if the system of equations (15) has a solution for given and , where , , and . When the cusp catastrophe exists, the cusp point is given by the root of (15) and the bifurcation sets, and , are defined as (16) (17) as shown in [8] . Notice that the results above are applicable to the classical slotted ALOHA systems if a [1, 1] Reed-Solomon code is employed for , where two or more packet collisions always destroy all the packets involved.
IV. NUMERICAL EVALUATION
Assuming the system with asynchronous hopping, perfect side information, and a [32, 20] Reed-Solomon code, we present numerical results for . Note that (3) is used to calculate the conditional packet error probability. These conditions are chosen in order to compare our results with those in [7] .
A. Cusp Point and Bifurcation Sets
Solving
, we obtain and as a function of as shown in (18) and (19) , at the bottom of the page. Substituting (18) and (19) into , we can evaluate the cusp point numerically. 4 It is necessary for the cusp point to be valid in the numerical results that all of , , and should be positive. From Appendix-C, (18) is positive for any . In the meantime, the sign of (19) depends on its denominator, since it can be easily verified that the numerator is 4 An iterative method with the maximum tolerable error of 10 is used in numerical evaluation. positive for any . Furthermore, the denominator in (19) is independent of the exponential backoff factor . This results in the following lemma.
Lemma 1: The minimum value of retransmission cutoff for which the cusp catastrophe may exist is independent of the exponential backoff factor .
Let be the denominator of the right-hand side in (19) . Regarding as the balance function, that is, the derivative of the potential function for a certain dynamic system with system parameter and control parameter , we can numerically obtain the fold point in terms of the fold catastrophe [15] by solving (20) It corresponds to [8, Lemma 2] . Under the conditions considered in this section, the fold point can be calculated as and the behavior of is shown in Fig. 2 . From Fig. 2 and (19) , for is negative. As a result, the system has no cusp catastrophe for , so that it is monostable for any , , , and . On the contrary, when retransmission cutoff is greater than two, there exists the cusp catastrophe. Note that this results in a striking contrast with lines), 0.90 (dashed-dotted lines), 1.00 (dotted lines), and . The cusp point is provided by the intersection of and . In Fig. 3 , for given , the system is bistable in the range of . In the bistable region there exist two stable equilibrium points in the system and the operating point of the system dynamically oscillates between them. The area below in Fig. 3 is referred to as the active region, in which the system is monostable and it operates at comparatively low offered load. The active region is preferable, since the system offers high throughput and small transmission delay. The area lying to the right of in Fig. 3 is referred to as the saturated region, where the system is also monostable but its operating offered load is considerably high. In the saturated region, the system yields virtually zero throughput and enormous transmission delay.
It can be observed in Fig. 3 that behavior of the bistable region for contrasts with that for . The bistable region for is monotonously spread according to an increase of the value of ; that is, one bifurcation set is almost stable for any , while the other moves to the left. On the Reed-Solomon code for q = 100, Np = 10, and Nr = 1000.
contrary, for , increment of the value of first expands the bistable region ( moves to the left). However, the bistable region seems to turn to diminish in size by increasing the value of further ( moves to the right). For example, let us focus our attention on and . In this case, the system with is monostable for and bistable for . Then, for the system returns to be monostable. In order to elaborate on this, we depict in Fig. 4 the offered load at the stable equilibrium points, which can be obtained as the zeros of the balance function . In Fig. 4 , we can find that the system with is bistable only for . The offered load at the (preferable) stable equilibrium point is almost -invariant for . The offered load at the other (unpreferable) stable equilibrium point significantly depends on the value of . For , however, the offered load at the unpreferable stable equilibrium point is a narrow-sense increasing function with respect to .
From Fig. 4 , we can gain an insight on the nonmonotonicity of the bistable region for . First, for , the small value of retransmission cutoff results in frequent occurrence of packet dropping. In addition, users who discarded their packets have little opportunity to generate the next new packet, since the packet generation probability is considerably small for . This can suppress the appearance of the unpreferable stable equilibrium point. Next, for , the unpreferable stable point with suddenly appears because of excessive collisions among retransmitted packets from the RT modes. An increment of decreases the probability of packet dropping so that the unpreferable stable point is likely to rise up. Although these excessive collisions last for , the offered load at the unpreferable stable equilibrium point turns to decrease for . Since the packet retransmission probability is decreasing by a factor , a user who experiences repeated unsuccessful transmissions tends to sojourn in the RT mode for large . This results in a decrease of the offered load at the unpreferable stable equilibrium point. When we increase further, the packet retransmission probabilities of the RT mode for large approach to zero. Thus, users with consecutive unsuccessful transmissions are unlikely to retransmit their packets. This decreases the offered load and deletes the unpreferable stable equilibrium point, so that the system becomes monostable again.
B. Bistable Region for Infinite Population
Let us argue asymptotic behavior of the bistable region for infinite population and compare the result with that in [7] .
Kim [7] has shown that FH-slotted ALOHA systems with infinite population, asynchronous hopping, perfect side information, and a [32, 20] Reed-Solomon code are bistable for and if the average input traffic is five packets per slot ( in [7] ), as shown in [7, Fig. 2] . For infinite population, we can suppose that each (re)transmitted packet belongs to a different user. Hence, no packet retransmission needs to be considered and each newly generated packet can be always assigned to a user in the TH mode. This allows us to suppose that the infinite population model is indeed in some sense the limit of the finite population model if backlogged users are not distinguished from users in the TH mode and if the number of users is increased under the constraint that the total average packet arrival rate remains finite [22] .
Therefore, the input traffic in [7] corresponds to in our system model and performance of infinite population is provided for infinite . In order to consider infinite , the denominator of the right-hand side in (19) should be zero (21) Recalling that behavior of has been shown in Fig. 2 , we can find that possesses two roots for . Then, for given , the asymptotic values of the bifurcation sets, and , for infinite population can be derived from (18) (22) where is the roots of (21) .
Asymptotic behavior of the bifurcation sets is presented in Fig. 5 for the same values of parameters in [7] . It follows from Fig. 5 that the asymptotic bifurcation sets intersects at . Therefore, the system with infinite population is monostable for and bistable for . This coincides with the result in [7] . From Fig. 5 , we can obtain perspective whether or not FH-slotted ALOHA systems with retransmission cutoff exhibit bistable behavior for given input traffic when the number of users can be considerably large. Since both (22) and (21) are independent of , the following lemma holds similarly to Lemma 1.
Lemma 2: There is no effect of the exponential backoff scheme on the stability of FH-slotted ALOHA systems with infinite population.
Lemma 2 agrees with [4, Th. 1] which states instability of the binary exponential backoff scheme of classical slotted ALOHA Reed-Solomon code for q = 100 and Nr ! 1.
systems with infinite population and without retransmission cutoff.
V. CONCLUSION
Taking into consideration not only the exponential backoff scheme but also retransmission cutoff, we have investigated the stability of FH-slotted ALOHA systems with finite population in terms of the catastrophe theory. With the aid of the Poisson approximation of the number of colliding packets, we have first derived the balance function of the system, which should be satisfied in equilibrium. Then, the cusp point and the bifurcation sets have been numerically evaluated. Under the same conditions as discussed in [7] , we have illustrated how the bistable region of the system fluctuates as the value of retransmission cutoff increases. The numerical results have shown that the bistable region of the system with the exponential backoff scheme is first expanded by increasing the value of retransmission cutoff, and then reduced in size. As an asymptotic result, it has been also revealed that the exponential backoff scheme does not affect the bistable region of the system with infinite population. Using the obtained results, we can design the values of parameters of FH-slotted ALOHA systems with the exponential backoff scheme and retransmission cutoff so that the system can operate with a global stable equilibrium point.
Notice that the packet dropping probability is the inevitable performance measure when retransmission cutoff is employed. The packet dropping probability in the monostable region can be approximated by , where is the offered load at the stable equilibrium point obtained by solving , as in [23] . However, evaluation of the packet dropping probability is left for further study.
APPENDIX
A. Abstract of Catastrophe Theory
We review here an abstract of the catastrophe theory established by Thom [14] . For more detailed description, see [14] , [15] , and [17] . , and its sign indicates the inverse direction of system evolution from point . The catastrophe theory is concerned with equilibrium points that arise when the potential function changes.
The potential functions can be classified according to their shape, which are essentially determined by the number of control parameters. Thom's list of seven elementary catastrophes is presented in Table I .
In this paper, two elementary catastrophes are considered, the cusp and the fold catastrophes. For given and , in (14) can be viewed as the derivative of a certain potential function with two control parameters , and , and one-dimensional state space , . If , the system is likely to evolve so as to increase the offered load . On the other hand, the system tends to lessen if . Thus, there may exist the cusp or the fold catastrophe. In terms of the cusp catastrophe, the critical point for which is referred to as the cusp point and a set of bifurcation points, as the bifurcation set. On the other hand, in (21) can be regarded as the derivative of another potential function with one control parameter , , and one-dimensional state space , . Thus, there may exist the fold catastrophe. In terms of the fold catastrophe, a bifurcation point is referred to as the fold point.
B. Proof of
From (14) we have (23) Then, we obtain (24) 
C. Proof of
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